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Integer Matrix Digit Systems

Given: invertible A ∈ Zn×n

finite subset D of Zn

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn has an expansion of
the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (1)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn having an
expansion of the form (1) has a unique such expansion
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Rational Matrix Digit Systems

Definition

Given: invertible A ∈ Qn×n

Then:
Zn[A]

=
{
x0 + Ax1 + · · ·+ Ak−1xk−1 | k ∈ Z+, x0, x1, . . . , xk−1 ∈ Zn

}
=
∞⋃
k=1

(Zn + AZn + · · ·+ Ak−1Zn)

Remark.

1 Zn[A] = smallest nontrivial A-invariant Z-submodule of Qn

containing Zn

2 Zn[A]/AZn[A] is a finite abelian group

(Jankauskas and Thuswaldner, 2022)
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Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D

(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D

(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Rational Matrix Digit Systems

Given: invertible A ∈ Qn×n and finite subset D of Zn[A]

(A,D): (matrix) digit system with base A and digit set D
(A,D) has the finiteness property: every x ∈ Zn[A] has an
expansion of the form

x = d0 + Ad1 + · · ·+ Ak−1dk−1 (2)

where k ∈ Z+ and d0, d1, . . . , dk−1 ∈ D
(A,D) has the uniqueness property: every x ∈ Zn[A] having an
expansion of the form (2) has a unique such expansion

Remark.

1 (A,D) has the finiteness property
=⇒ D contains a complete residue set of Zn[A]/AZn[A]

2 If 0 ∈ D then (A,D) has the uniqueness property
⇐⇒ D is a complete residue set of Zn[A]/AZn[A]

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 4 / 29



Arithmetics of Rational Matrix Digit Systems

Question. When does (A,D) have the finiteness and uniqueness
properties?

Consider. complete residue set D of Zn[A]/AZn[A] containing 0

1 digit / remainder function: mapping d : Zn[A]→ D such that

x ≡ d (x) (mod AZn[A])

2 quotient function: associated dynamical system Φ : Zn[A]→ Zn[A]
defined by Φ(x) = A−1

(
x − d (x)

)
Remark. ∀x ∈ Zn[A], ∀k ∈ Z+,

x = d0 + Ad1 + · · ·+ Ak−1dk−1 + AkΦk(x)

where di = d
(
Φi (x)

)
for all i < k
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Arithmetics of Matrix Digit Systems

Definition

attractor of Φ: subset A of Zn[A] satisfying the following:

1 Φ(A) ⊆ A
2 ∀x ∈ Zn[A], ∃r ∈ Z+ such that Φr (x) ∈ A
3 no proper subset of A satisfies (1) and (2)

Remark.

1 AΦ := attractor of Φ

2 0 ∈ D =⇒ 0 ∈ AΦ
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Arithmetics of Matrix Digit Systems

Remark. A ∈ Qn×n is expanding: |λ| > 1 for every eigenvalue λ of A

Proposition (Jankauskas and Thuswaldner, 2022)

Given: complete residue set D of Zn[A]/AZn[A] containing 0

Then: A is expanding =⇒ AΦ is finite

=⇒ (A,D ∪AΦ) has the finiteness property

Remark.

1 AΦ is finite

=⇒ AΦ = {p ∈ Zn[A] | Φr (p) = p for some r ∈ Z+}
= set of periodic points of Φ

2 (A,D) has the finiteness and uniqueness properties ⇐⇒ AΦ = {0}
3 n = 1 =⇒ A = p

q ∈ Q in lowest terms with |p| > |q|
(Akiyama, Frougny, and Sakarovitch 2008)
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Proposition (Jankauskas and Thuswaldner, 2022)

Given: complete residue set D of Zn[A]/AZn[A] containing 0

Then: A is expanding =⇒ AΦ is finite

=⇒ (A,D ∪AΦ) has the finiteness property

Remark.
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=⇒ AΦ = {p ∈ Zn[A] | Φr (p) = p for some r ∈ Z+}
= set of periodic points of Φ
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Arithmetics of Matrix Digit Systems

Question. What does the attractor AΦ of (A,D) look like?

Thuswaldner (2001): determined AΦ for expanding matrix base

A =

[
a b
ε d

]
∈ Z2×2

where ε ∈ {1,−1}, p(x) = x2 + αx + β ∈ Z[x ] is irreducible, and
D =

{
(0, 0)>, (1, 0)>, . . . , (|β| − 1, 0)>

}
AΦ is completely determined by α and β

Idea: construct a finite-state transducer T that does the following:

representation
of v ∈ Z2

representation
of v ± (1, 0)>

and v ± (0, 1)>
T
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Arithmetics of Matrix Digit Systems

Consider. expanding A ∈ Qn×n

Then: Every x ∈ Zn[A] can be written uniquely in the form

x =
k−1∑
j=0

Ajdj + Akp

with k ∈ Z+ minimal such that p = Φk(x) ∈ AΦ, and d0, . . . , dk−1 ∈ D
p periodic

=⇒ Φr (p) = p for some minimal r ∈ Z+

=⇒ p =
r−1∑
`=0

A`b` + Arp for some unique b0, . . . , br−1 ∈ D

=
Nr−1∑
`=0

A`b`mod r + ANrp (∀N ∈ Z+)

x =
k−1∑
j=0

Ajdj +
Nr−1∑̀

=0

Ak+`b`mod r + ANr+kp (∀N ∈ Z+)
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Arithmetics of Matrix Digit Systems

∴ every x ∈ Zn[A] can be written uniquely in the form

x =
k−1∑
j=0

Ajdj +
Nr−1∑
`=0

Ak+`b`mod r + ANr+kp (∀N ∈ Z+)

=: (σ)A,

where σ = (br−1 · · · b1b0)∞dk−1 · · · d1d0 (A-adic representation of x)

Remark.

1 every x ∈ Zn[A] corresponds to a unique infinite word of the form
σ = (br−1 · · · b1b0)∞dk−1 · · · d1d0 satisfying (σ)A = x

2 x = (0∞dk−1 · · · d1d0)A

=⇒ x can be identified with the finite word dk−1 · · · d1d0
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Companion Matrix Base

Consider. A =

[
0 −β
1 −α

]
∈ Q2×2 with the following assumptions:

1 A is expanding

2 p(x) = x2 + αx + β ∈ Q[x ] is irreducible

Let c := unique positive integer such that cp(x) = cx2 + ax + b ∈ Z[x ]

has coprime coefficients

Then: |b| = |cβ| =
∣∣Z2[A]/AZ2[A]

∣∣
(Rossi, Steiner, and Thuswaldner, 2024)

Proposition

D =
{

(0, 0)>, (1, 0)>, · · · , (|b| − 1, 0)>
}

is a complete residue system of
Z2[A]/AZ2[A].
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Addition Automaton

Given:

expanding matrix A =

[
0 −β
1 −α

]
∈ Q2×2 with irreducible

characteristic polynomial p(x) = x2 + αx + β ∈ Q[x ]
c := unique positive integer such that cp(x) = cx2 + ax + b ∈ Z[x ]

has coprime coefficients

D :=
{

(0, 0)>, (1, 0)>, . . . , (|b| − 1, 0)>
}

σ = (br−1 · · · b1b0)∞dn−1 · · · d1d0 ∈ Dω

Define the following operations on σ:

(σ±P)A = (σ)A ± (1, 0)>

(σ±Q)A = (σ)A ± A(c, 0)> ± (a− c , 0)>

(σ±R)A = (σ)A ∓ A(c , 0)> ∓ (a, 0)>

(σ±S)A = (σ)A ± (c , 0)>

(σ±T )A = (σ)A ± A(c , 0)> ± (a + c , 0)>

(σ±U)A = (σ)A ± (0, 1)> = (σ)A ± A(1, 0)>
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Addition Automaton

Define an addition automaton T with the following parameters:

set of states: Q = {±P,±Q,±R,±S ,±T ,±U, •}
input and output alphabet: D
initial states: Q \ {•}
terminal state: {•}
transition relation: defined by computing (σν)u for ν ∈ D and
u ∈ Q \ {•}: (σν)u = σw f (ν) where w ∈ Q and f (ν) ∈ D

=⇒ define the transition relation as: u
ν|f (ν)−−−−→ w

Example(
(σν)±U

)
A

= (σν)A ± A(1, 0)> = A(σ)A + (ν, 0)> ± A(1, 0)>

= A
(
(σ)A ± (1, 0)>

)
+ (ν, 0)>

= A(σ±P)A + (ν, 0)> = (σ±P ν)A

∴ ±U ν|ν−−→ ±P
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The case 0 < α ≤ β − 1

Given:

expanding matrix A =

[
0 −β
1 −α

]
∈ Q2×2 with irreducible

characteristic polynomial p(x) = x2 + αx + β ∈ Q[x ]

c := unique positive integer such that cp(x) = cx2 + ax + b ∈ Z[x ]

has coprime coefficients

D :=
{

(0, 0)>, (1, 0)>, . . . , (|b| − 1, 0)>
}

σ = (br−1 · · · b1b0)∞dn−1 · · · d1d0 ∈ Dω

Theorem (C.-Loquias-Thuswaldner, preprint, 2025)

Given: 0 < α ≤ β − 1

Then: AΦ = {0}
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The case 0 < α ≤ β − 1

Notation.

1 (ν, 0)> ∈ D will be identified with ν

2 f (ν): f (ν) ∈ D and is taken to be a single digit in the expansion

Transition relations for ν ∈ D:

(σν)P =

{
σ ν + 1, 0 ≤ ν < b − 1

σR 0, ν = b − 1

(σν)−P =

{
σ ν − 1, 1 ≤ ν < b

σ−R b − 1, ν = 0

(σν)±Q =


σ±T ν ± a∓ c ± b, 0 ≤ ν ± a∓ c ± b < b

σ±S ν ± a∓ c , 0 ≤ ν ± a∓ c < b

σ∓Q ν ± a∓ c ∓ b, 0 ≤ ν ± a∓ c ∓ b < b
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The case 0 < α ≤ β − 1

Transition diagram for α = 3
2 and β = 7

2

(note: α ≥ 1):

P

Q

R S

P

Q

RS

.

.

.

.

U

U

ν | ν

ν | ν

6 | 00 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6

6 | 0

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6

0 | 4
1 | 5
2 | 6

3 | 0
4 | 1
5 | 2
6 | 3

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6

5 | 0, 6 | 1

0 | 6

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5

0 | 6

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5

4 | 0
5 | 1
6 | 2

0 | 3
1 | 4
2 | 5
3 | 6

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4 0 | 5, 1 | 6

Remark. Any walk in T with label of the form 0 | d always leads to •.
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The case 0 < α ≤ β − 1

To find the representation of v ± (1, 0)> given the representation σ of
v ∈ Z2[A]:

1 Feed σ into T with starting state ±P.

2 Use T to read the digits of σ from right to left, moving along the
edges corresponding to its digits.

3 If σ lands in state •, copy all remaining digits of σ.

4 representation of v ± (1, 0)>

= concatenation of the output digits obtained in the preceding step

Remark.

1 To find the representation of v ± (0, 1)>: start with ±U instead

2 elements of AΦ: arise from • or from loops when feeding a digit
representation
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

685111850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

685111850

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 18 / 29



The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

8 | 0

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

68511185

0
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

6851118

50
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

685111

850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0
7 | 0
8 | 1

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

68511

1850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

5 | 0, 6 | 1
7 | 2, 8 | 3

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

6851

11850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

8 | 0

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

685

111850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 5, 1 | 6
2 | 7, 3 | 8

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

68

5111850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7 1 | 0

2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 8

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP =

6

85111850
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The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 6
1 | 7
2 | 8

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP = 685111850

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 18 / 29



The case 0 < α ≤ β − 1

Transition diagram for α = 1
3 and β = 3

2 (note: 0 < α < 1):

P

Q

R S

T

U

P

Q

RS

T

U

. .

.

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7
7 | 8

8 | 0ν | ν

4 | 0, 5 | 1, 6 | 2
7 | 3, 8 | 4

0 | 5, 1 | 6
2 | 7, 3 | 8

0 | 7
1 | 8

2 | 0
3 | 1
4 | 2
5 | 3
6 | 4
7 | 5
8 | 6

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4, 8 | 5

0 | 6
1 | 7
2 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6
8 | 7

0 | 8 ν | ν

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

5 | 0, 6 | 1
7 | 2, 8 | 3

7 | 0
8 | 1

0 | 2
1 | 3
2 | 4
3 | 5
4 | 6
5 | 7
6 | 8

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7, 5 | 8

6 | 0
7 | 1
8 | 2

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

.

e.g.: v = (17, 0)> with representation σ = 68578

=⇒ representation of (18, 0)> = (σP)A: σP = 685111850

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 18 / 29



The case 0 < α ≤ β − 1

Feed (0, 0)> (with representation σ = 0∞) into T at ±P and ±U.

Then:

(±1, 0)> = (σ±P) and (0,±1)> = (σ±U)A have finite digit
representations

(m, n)> has a finite representation ∀m, n ∈ Z
Ak(m, n)> has a finite representation ∀m, n ∈ Z, ∀k ∈ N

∴ every v ∈ Z2[A] has a finite digit representation and thus AΦ = {0}

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 19 / 29
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The case 0 < −α < β − 1

Theorem (C.-Loquias-Thuswaldner, preprint, 2025)

Given: 0 < −α < β − 1

γ = a + b + c

K = max {` ∈ Z+ | `γ ≤ b − 1}

Then:

1

α ≥ −1 =⇒ AΦ = {0}
2

α < −1 =⇒ AΦ =
{

(0, 0)>, (a + c , c)>, . . . ,K (a + c , c)>
}
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{

(0, 0)>, (a + c , c)>, . . . ,K (a + c , c)>
}
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Given: 0 < −α < β − 1

γ = a + b + c

K = max {` ∈ Z+ | `γ ≤ b − 1}

Then:

1 α ≥ −1 =⇒ AΦ = {0}
2 α < −1 =⇒ AΦ =

{
(0, 0)>, (a + c , c)>, . . . ,K (a + c , c)>
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The case 0 < −α < β − 1

Transition diagram for α = −3
4 and β = 2 (note: α ≥ −1):

UP

S

Q

R

T

U P

S

Q

R

T

.

.

..

ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7

7 | 0

0 | 4
1 | 5
2 | 6
3 | 7

4 | 0
5 | 1
6 | 2
7 | 3

7 | 0
0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7

5 | 0, 6 | 1, 7 | 2

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7

7 | 0

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6

0 | 7

4 | 0
5 | 1
6 | 2
7 | 3

0 | 4
1 | 5
2 | 6
3 | 7

0 | 7

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6

0 | 5, 1 | 6, 2 | 7

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4

1 | 0, 2 | 1, 3 | 2
4 | 3, 5 | 4, 6 | 5, 7 | 6

0 | 7

Remark. Any walk in T with only 0 as input always leads to •.
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The case 0 < −α < β − 1

Transition diagram for α = −3
4 and β = 2 (note: α ≥ −1):

UP

S

Q

R

T

U P

S

Q

R

T

.

.

..

ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7

7 | 0

0 | 4
1 | 5
2 | 6
3 | 7

4 | 0
5 | 1
6 | 2
7 | 3

7 | 0
0 | 1
1 | 2
2 | 3
3 | 4
4 | 5
5 | 6
6 | 7

5 | 0, 6 | 1, 7 | 2

0 | 3, 1 | 4, 2 | 5, 3 | 6, 4 | 7

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7

7 | 0

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6

0 | 7

4 | 0
5 | 1
6 | 2
7 | 3

0 | 4
1 | 5
2 | 6
3 | 7

0 | 7

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4
6 | 5
7 | 6

0 | 5, 1 | 6, 2 | 7

3 | 0, 4 | 1, 5 | 2, 6 | 3, 7 | 4

1 | 0, 2 | 1, 3 | 2
4 | 3, 5 | 4, 6 | 5, 7 | 6

0 | 7

Remark. Any walk in T with only 0 as input always leads to •.
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

Remark. Any walk in T with only 0 as input always leads to • or the
self-loop at T .
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

e.g.: v = (8, 2)> with representation σ = 28

=⇒ representation of (9, 2)> = (σP)A: σP = 8∞5660 (note: γ = 8)

A.G.R. Cruz, M.J.C. Loquias, J.M. Thuswaldner Attractors of Rational Matrix Digit Systems 22 / 29



The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

e.g.: v = (8, 2)> with representation σ = 28

=⇒ representation of (9, 2)> = (σP)A:

σP = 8∞5660 (note: γ = 8)
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

e.g.: v = (8, 2)> with representation σ = 28

=⇒ representation of (9, 2)> = (σP)A: σP = 8∞5660

(note: γ = 8)
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

e.g.: v = (8, 2)> with representation σ = 28

=⇒ representation of (9, 2)> = (σP)A: σP = 8∞5660 (note: γ = 8)
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

=⇒ p := (8∞)A ∈ AΦ

=⇒ p = (0, 0)> + A(c , 0)> + (a + c , 0)>

= (a + c , c)> = (−1, 3)>
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R
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R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

=⇒ p := (8∞)A ∈ AΦ

=⇒ p = (0, 0)> + A(c , 0)> + (a + c , 0)>

= (a + c , c)> = (−1, 3)>
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

=⇒ p := (8∞)A ∈ AΦ

=⇒ p = (0, 0)> + A(c , 0)> + (a + c , 0)> = (a + c , c)>

= (−1, 3)>
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The case 0 < −α < β − 1

Transition diagram for α = −4
3 and β = 3 (note: α < −1):

P

S

R

T

P

S

R

T

.

.

U

Uν | ν

ν | ν

0 | 1, 1 | 2
2 | 3, 3 | 4
4 | 5, 5 | 6
6 | 7, 7 | 8

8 | 0

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8

6 | 0
7 | 1
8 | 2

5 | 0, 6 | 1
7 | 2, 8 | 3

0 | 4, 1 | 5, 2 | 6
3 | 7, 4 | 8

1 | 0, 2 | 1, 3 | 2, 4 | 3
5 | 4, 6 | 5, 7 | 6, 8 | 7

0 | 8

1 | 0, 2 | 1
3 | 2, 4 | 3
5 | 4, 6 | 5
7 | 6, 8 | 7

0 | 8

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5

0 | 6
1 | 7
2 | 8

0 | 5, 1 | 6
2 | 7, 3 | 8

4 | 0, 5 | 1
6 | 2, 7 | 3, 8 | 4

0 | 1, 1 | 2, 2 | 3, 3 | 4
4 | 5, 5 | 6, 6 | 7, 7 | 8

8 | 0

=⇒ p := (8∞)A ∈ AΦ

=⇒ p = (0, 0)> + A(c , 0)> + (a + c , 0)> = (a + c , c)> = (−1, 3)>
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The case 0 < −α < −β − 1

Theorem (C.-Loquias-Thuswaldner, preprint, 2025)

Given: 0 < −α < −β − 1

Then: AΦ contains
{

(0, 0)>,−(a, c)>,−(c , 0)>
}

Remark. AΦ may contain other points depending on α and β.
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The case 0 < −α < −β − 1

Transition diagram for α = −2
3 and β = −2:

U P

S Q R UP

SQR

.

.
ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0

0 | 3
1 | 4
2 | 5

3 | 0
4 | 1
5 | 2

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0
4 | 0
5 | 1

0 | 2
1 | 3
2 | 4
3 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 5

3 | 0
4 | 1
5 | 2

0 | 3
1 | 4
2 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 50 | 4
1 | 5

2 | 0
3 | 1
4 | 2
5 | 3
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The case 0 < −α < −β − 1

Transition diagram for α = −2
3 and β = −2:

U P

S Q R UP

SQR

.

.
ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0

0 | 3
1 | 4
2 | 5

3 | 0
4 | 1
5 | 2

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0
4 | 0
5 | 1

0 | 2
1 | 3
2 | 4
3 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 5

3 | 0
4 | 1
5 | 2

0 | 3
1 | 4
2 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 50 | 4
1 | 5

2 | 0
3 | 1
4 | 2
5 | 3

Remark. Any walk in T with only 0 as input leads to one of the
following:

1 the terminal state •
2 the loop R → −S → R
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The case 0 < −α < −β − 1

Transition diagram for α = −2
3 and β = −2:

U P

S Q R UP

SQR

.

.
ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0

0 | 3
1 | 4
2 | 5

3 | 0
4 | 1
5 | 2

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0
4 | 0
5 | 1

0 | 2
1 | 3
2 | 4
3 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 5

3 | 0
4 | 1
5 | 2

0 | 3
1 | 4
2 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 50 | 4
1 | 5

2 | 0
3 | 1
4 | 2
5 | 3

Remark. Any walk in T with only 0 as input leads to one of the
following:

1 the terminal state •

2 the loop R → −S → R
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The case 0 < −α < −β − 1

Transition diagram for α = −2
3 and β = −2:

U P

S Q R UP

SQR

.

.
ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0

0 | 3
1 | 4
2 | 5

3 | 0
4 | 1
5 | 2

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0
4 | 0
5 | 1

0 | 2
1 | 3
2 | 4
3 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 5

3 | 0
4 | 1
5 | 2

0 | 3
1 | 4
2 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 50 | 4
1 | 5

2 | 0
3 | 1
4 | 2
5 | 3

Remark. Any walk in T with only 0 as input leads to one of the
following:

1 the terminal state •
2 the loop R → −S → R
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The case 0 < −α < −β − 1

Transition diagram for α = −2
3 and β = −2:

U P

S Q R UP

SQR

.

.
ν | ν

ν | ν

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0

0 | 3
1 | 4
2 | 5

3 | 0
4 | 1
5 | 2

0 | 1
1 | 2
2 | 3
3 | 4
4 | 5

5 | 0
4 | 0
5 | 1

0 | 2
1 | 3
2 | 4
3 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 5

3 | 0
4 | 1
5 | 2

0 | 3
1 | 4
2 | 5

1 | 0
2 | 1
3 | 2
4 | 3
5 | 4

0 | 50 | 4
1 | 5

2 | 0
3 | 1
4 | 2
5 | 3

e.g.: v = (7,−3)> with representation σ = (32)∞05

=⇒ representation of v + (1, 0)> = (σP)A is σP = (41)∞40

and p = (41)∞ = (1, 6)> ∈ AΦ
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The case 0 < α < −β − 1

Theorem (C.-Loquias-Thuswaldner, preprint, 2025)

Given: 0 < −α < β − 1

γ = −a− b − c

K = max {` ∈ Z+ | `γ ≤ −b − 1}

Then: AΦ contains
{

(0, 0)>,−(a + c, c)>, . . . ,−K (a + c , c)>
}

Remark. AΦ may contain other points depending on α and β.
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The case 0 < α < −β − 1

Transition diagram for when α = 2
5 and β = −2:

U P

S

R

T

UP

S

R

T.

ν | ν

ν | ν

4 | 5
0 | 1 5 | 6
1 | 2 6 | 7
2 | 3 7 | 8
3 | 4 8 | 9

9 | 0

1 | 0 6 | 5
2 | 1 7 | 6
3 | 2 8 | 7
4 | 3 9 | 8
5 | 4 0 | 9

0 | 4
1 | 5
2 | 6
3 | 7
4 | 8
5 | 9

5 | 0
6 | 1
7 | 2
8 | 3
9 | 4

0 | 8
1 | 9

2 | 0 6 | 4
3 | 1 7 | 5
4 | 2 8 | 6
5 | 3 9 | 7

0 | 7
1 | 8
2 | 9

3 | 0
4 | 1
5 | 2
6 | 3
7 | 4
8 | 5
9 | 6

5 | 0
6 | 1
7 | 2
8 | 3
9 | 4

0 | 5
1 | 6
2 | 7
3 | 8
4 | 98 | 0

9 | 1

0 | 2 4 | 6
1 | 3 5 | 7
2 | 4 6 | 8
3 | 5 7 | 9

7 | 0
8 | 1
9 | 2

0 | 3
1 | 4
2 | 5
3 | 6
4 | 7
5 | 8
6 | 9

Remark. Any walk in T with only 0 as input may lead to either the
terminal state • or the self-loop at −T
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Additional Cases

Theorem (C.-Loquias-Thuswaldner, preprint, 2025)

1 α > 1 and β − 1 ≤ α ≤ β =⇒ AΦ = {0}
2 0 < α ≤ 1 and 0 < β − 1 < α < β

=⇒ AΦ = {0} provided one of the following holds:
1 β > 2α and α + β > 2
2 β ≤ 2α and α + 2 < 2β
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Additional Cases

Transition diagram for Case 2.1:

P

Q

R S

T

P

Q

RS

T

E

F

G

H

E

F

G

H

.

.

0 | 1

0 | a− c+ b

0 | −a+
b

0 | c

0
|a

+
c
−

b

0
| −

2a
+
c+

b

0 | 2c−
b

0 | a
− 2c

+ b

0
|−

2
a
+

b

0 | b− 1

0 | −a+
c

0 | a

0 | −c+ b

0 | −a − c + 2b

0
|2

a
−

c 0 | −2c+ 2b

0
| −

a
+
2c

0
| 2
a
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Additional Cases

Transition diagram for Case 2.2:

P

Q

R S

T

P

Q

RS

T

E

F

G

H

I J

E

F

G

H

IJ

.

.

0 | 1

0 | a− c+ b

0 | −a+ b

0 | c

0
|a

+
c
−

b

0
|−

2
a
+

c
+

b

0
|
2
c−

b

0 | a
− 2c

+ b

0
|−

2
a
+

2
b

if a̸=c

0 | 2a− 2c+ b

if a=c0 | 0

0
| a

+
2
c
−

b

0 | b− 1

0 | −a+ c

0 | a

0 | −c+ b

0 | −a− c+ 2b

0
|2

a
−

c

0 | −2c+ 2b

0
| −

a
+
2c

0 | 2a− b

0 | −2a+ 2c

0 | −a− 2c+ 2b
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