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e A Borel probability measure ¢ on R?is called
a spectral measure if 3 countable A c R? s.t.
{e’™*> : € A} forms an orthonormal basis in 1 () .
We call A a spectrum of 1.

e The existence of spectra of measures is a basic question
in harmonic analysis since the orthonormal basis can be

used for Fourier series expansions of functions

in L*(u) -
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The spectrality of measures 1s widely studied (1974--Now).

e Authors: An, Chen, Dai, Deng, Dong, Dutkay, Fu, Fuglede,
Haussermann, He, Jorgensen, faba, Lai, Lau, Li, Liu, Lu,
Luo, Miao, Pedersen, Sun, Wang, Wen, Wu, Yan, Zhang, - --

e Journals: Adv. Math., Trans. Amer. Math. Soc., J. Math.
Pures Appl., Appl. Comput. Harmon. Anal., J. Funct. Anal.,
Nonlinearity, ---

Before the work of Li-Miao-Wang (Adv. Math., 2022), spectral
measures studied in the literature are compactly supported.
They constructed singular spectral measures without compact
supports 1n R , and show that such measures are abundant in
the sense that the dimension of their supports has the
intermediate-value property.
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Use P(R) to denote the set of Borel probability

measures on RY.

Given i, i, -~ € P(R?), if the finite convolution
My * Hy * e R
converges weakly to a Borel probability measure, we
denote the weak limit measure by the infinite convolution

oy R

and say that the infinite convolution exists.
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Let 0, denote the Dirac measure concentrated at the point a,
and for any non-empty finite set 4 = R define
the uniform discrete measure supported on 4 by o, :— — Z 0,.

aeA

Theorem (Li1-Miao-Wang, Adv. Math., 2022)
For each k e N, let m,and NV, be integers satisfying 2<m <N,
and m, | N, , and B, be a finite set of non-negative integers.
If {B,},: is a sequence of nearly consecutive digit sets w.r.t.

M, }>, and {N, },.,, i.e.,
=1{0,1,---,m, -1} (mod N,) forallkeN

and ZL#(B,{\{O,l,---,mk—l})<oo,

k=1 My,

then the infinite convolution
ILl:&N_]B 5 5_ o Koo

N;'N;'B, N; NSNS B,
exists and 1s a spectral measure with a spectrum 1n Z.
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e In the last section, we confirm the spectrality of a class of

R'B, R'R; 132 R'R;'R;' B,
e Question: spt(o, *o0, *---)=7 spt(y *p,*--)=7 (l.1)
e ForAd.,A4, - c R? define the set of infinite sum
D A4, = {Z a, converges in R’ :q, € 4, Vk>1} .
= k
e It 1s well-known and Widely used that: for any non-empty finite

sets 4,, 4,,-- = R 1meaX|a|<oo

aek

then 5 *5 OERR eX1sts W1th compact support, (1.2)
and spt(§A1 *5A2 feee) = ZA

e We will answer (1.1) 1n general, and give a sufficient and
neccessary condition for (1.2).
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o Forall AcRY andje{l,---,d}, denote the Jj-th coordinate
projection of 4 from R to R by

(4),=4a, eR:(a,,a,,,a,) e A}.

e Fornon-empty A c R:
inf 4 € RuU{—-oo} and sup 4 € R U {+00} must exist;
write min A € R and max 4 € R if they exist.
e Given X,,X,,---€RuU{too}: we say that Zxk converges 1f
k=1

x, € R (not o) for all ke N and limZxk exists (not +o0);
k=1

n—©

otherwise, we say that Zxk diverges.
k=1
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