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|. Continued fractions (classical)
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Relation to lﬁomogeneous dgnamics of H < SL,(R)
acting on X = SL,(R)/SL,(Z)

(1) X ~ T'H?/SL,(Z): SL,(R) acts bg Mobius A triangle
transtorm (isometries): £l . iH =Et
az+ b ! .
Pl e H = (xtiy ) :
cz+d : :
? f \/alxz+dy2
A : 3 S
The action of H = {Atz (e Ot) :tEIR} Wi .
0 e 45
is the geocﬂesic flow on the modular surface. bl
(curvature = —1)
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Continued fraction and geoclesic flow

l.a, ~# triangles /\! crossed bg the i excursion of geoclcsic with enclpt X,
separatecl bg hit‘:ing “comPact Part”.

a.
7 Height of the i excursion ~ log El

A J

3. Diophantine property of x <> property of a’s

E.g xis bac”g a!:)!:)roximable i+3c>0st |ge—p|>—=.

iH a,is bounded.

i geodesic stags N a cpt Par‘c.

Geodesic flow is ergodic => Up b (Bad) =0,

= { bac”g aPProxim )
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Generalization of real CF and geodesic flow:

(1) Neg. curved metric spaces with “Anosov flows”

H”, Trees, Riemannian manifolds (xk < 0),

various s (various CF’s : w/ Jaelin Kim, Seulbee Lee)

In homogeneous clgnamics:
(2) X = TII]-I]Z/SLz(Z) ~ SL,(R)/SLy(Z) ~ (lattices of area 1)
(3) GIT, K\G/T for discrete ep ['inass alg. gp G k<0

Bruhat-Tits builclings (w/ Jaeyong Kim, Sanghoon Kwon)

Complc—:x continued fraction (Jungwon Lee»-Dohgeong ki)
Kleinian circle Packings (Kangrae Par‘c-L.»-Yongc]uan Zhang}



Q. Distribution of length of continued fraction on {B :p<q,gcdp,qg=1}7
s q

On Q= {%:gcd(p,q)= I,C]SN}?

Thm (Baladi—-Va”ée) Asgmptotica”g Gaussianas N — .

Gaussian



Q. Distribution of length of continued fraction on {B :p<q,gcdp,qg=1}7
s q

On Q= {%:gcd(p,q)= I,C]SN}?

Thm (Baladi—-Va”ée} Asgmptotica”g Gaussianas N — .




1. Hurwitz continued fraction

Hurwitz CF chlace Vi bg 2\ —d], e.g Z]i].

Euclideanif d=1,2,% 7 11. Replace [O,1) by Id“Funcl domain” of Z[\ —d]
A

|
1

[z], : nearest integer iH 7 — [z, €1, 2=
Cll+

az _|_ 5S¢

Gauss map: T(z) = % - E] . shift map on (a,)
d

Thm1 (Dohgeong Kim~Jungwon l ee~- 1)) Lengt]‘l of the Hurwitz

Ch onit), = {B . p,q € Z|\/ —d], gcd(p, q) = 1,|q|2§N} IS
q

asgmptotica”g Gaussian.



Hurwitz nearest integer CF (C?C. Dani: ar]ai’trary CLER)

- Gauss map crgoclicitg . Ei-Nakada-Natsui

- Dioph approx. : Hensle , Bu eaud-Gonzalez-Robert-Hussain
PR Yous

New Phenomenon: each branch is not surjec’ti\/e.
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Image of some “ac:vjli,v\cier” (d=1)



Thm (Ei-Nakada-Natsui) Provecl Finite range property, which
implies that there is a finite partition of I, stable under T:

the image of each branch is the union of cells.

Stability: each “cylinder” is subdivided with similar partitions (d=1)



Ei-Nakada-Natsui Provecl Finite range property, which implies
that there is a finite partition of I, stable under T

Modification for us: add vertices and 1-cells (sim Hlicial CX)

Cells of the partition of I_d (d=1)
New function space” @ 6 P)
' PEP

Another cha”enge: dual sgstem 1S mgsterious.

Ei-Nakada-Natsui : natural extension (&dual system)



Thm2 (KLL) (mod P equidistribution) Values of 2 ( mod p)
ec]uiclistributes:‘v’a e Z/q”Z,

Pyl = a ( modp):QN]=l+0(1).
p

Motivation:

J.lLee- "‘laesang Sun mod p non~vanishing of average of special

twisted L-values usirxg mod p equidistribution of modular

symbo S5

In progress: Use mod p equiclistribution of Bianchi modular

symbols to prove analogous result. Neecl to deﬁne Periocl.

(Cf. Real case: Vatsal’s canonical Periocb



Dgnamics behind continued fractions

Thm 2 (KLL)Central Limit Thm (continuous version)

asn —

The ex

E

_fn—/ft\(c)n | J‘“ i |
P | — ot — e Zdrt Ol =
- S(on/n P lidn) s (ﬁ)

%0, where P :proba on I, with Cl-invariant densitg.

bectation and variance satismcg

C.] = gn+ i) + 00, VIC,] = 5(c)n + 8,(c) + 00"

forsome 0 < 1, i1,(c) > 0, 31(6) > 0. (c: cost function =1 for length.)

Proof. Spectral ele of Transter oPerator < associated to Gauss map

2-dim’l van der CorPut | emma (uses dual sgstem)
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11, Kleinian circle Packmgg

Another variant of Complex ¢ bg Asmus Schmidt gives rise to the

APo”onian group. Its limit set is a circle Packing:

Q. Diophantine aPProximation on APo“onian circle Packings?

(APProximating limit Points 59 tangency Points of circles)
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1. Kleinian circle Packingg

Circle Packing = Union of circles in a region s.t.

any two circles intersect onlg tangentia”g.

Kleinian Circle Pacldng: = [imit set of Kleinian gp
e.g. APo”onian circle Packings

Regular Apollonian A general Apollonian

Apollonian strip Apollonian window gasket gasket

Start with three tangential circles in C.

Add two circles tangent to them. Repeat.
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Kleinian Circle Packing: = limit set of Kleinian gp
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11, Kleinian circle Packingg

Kleinian Circle Packing: = [imit set of Kleinian gp

I'< G = PSL,(C) discrete subgroup, assume

geometrica”g finite

Y. Luo-Y. Zhang There exists side Pairing maps.

1%



E‘.g. Side Pairing maps for Apo”onian circle Packing
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Boundaries of a
4+ fundamental domain of

['= <}/1,}/1_1,}/2, V2_1>
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(T, = y;in the picture)
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@ words of 1,2,1, 2 without backtracking

Forw = d1dy -y, Vo = ych % yaz S

n

Circle Packing P = U oy, el
W Yol—ni—121>

SuPPose that there is a cgcle
such tha’t nona-acﬁacent

vertices in C are non‘-a&jacent
in P. Then C = € is a union of

two ideal Polggons I1;, I1¢.
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Thm (Luo~Zhang} Suppose there is nork 2 cusp (in this talk).

Then 32d maps yy, ..., ¥y generating I'and 324 clisjoint open domains
I1,, 1155 I, T ot

. — U AIL), where of = {1,---,d, i, ,c?} :
ke

(2) 7, 1) =11, .

(3) yk(@\ - D=9, where 9, D are the enlargements of I1,, IT;, resp.
Prop (Par‘c-L.—-Zhang) There exists a Bowen-Series map defined bg

g o) it x ey

Caution: Bowen-Series map s not necessarilg contracting (nor expancling



Remeclg: accelerate along cusl:)iclal words |

(Worcls that are extendable to a Para]aolic worcl) ;

Cuspiclal &ecomposition: O = @yW7* O,

E‘xamples of Parabolic words: vi, (aeyievaey;).
0

oo

Acceleration of BS map on the sequences of cusl:)icﬂal

clecomposition IS an analog of a complex CF map.

Even more cceleration of BS map
—> comcorma! graph»-clirectecl Mar|<ov sgstem

o thermoclynamic formalism available

RE



Thm (L.~Par|<~7_hang> (Good aPProximation)

For any nonnegative integer r with | W.| > d, we have

<D(Cr)2° |C¥—Z_:r| <

W | +2u+d ™~ |W.|—d

Moreover, d¢5 > 0 depending onlg on Hj, so that for anyy € I and Pt
p E V(Hj) with D(y-p) # 0, we have that

D(y-pYla—y-pl<e = y-p=¢,

= Zzowith |W.| > 0.

|. Marchese dimg(Bad,) = 1 — Ce + o(¢) for Fuchsian gps of
finite covolume.
We exPect to obtain a similar result (1Cor infinite covolume).
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Domain of dual sgstem of C-Gauss
map: bg Ei-Nakada-Natsui (202%)
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Kleinian circle Packings:Katherine Stange
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APo”onian circle Packing: e Zhang (arxiv:2111.10277)



