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Schmidt’s Game on a Set S

In 1966, W. Schmidt introduced a game on a metric space X

which we now call Schmidt’'s game:

For x € X and r > 0, we denote by B(x, r), the closed ball with

center x and radius r. Fix scaling factors a, 8 € (0,1).
» We have two players: Alice and Bob
» Set up: Alice chooses S C X which we call the “target set”.
Bob picks an initial radius p > 0 and a starting closed ball

Bo = B(bo,p) - X.
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Mechanics of Schmidt’s Game

By B, B, B, 1 B,

kst 2 n
Bob picks: B(bo, p) B(by, afp) B(bs, 0*3%p) B(ba_1,0"13"p) B(bg, a"B"p)
V) M, U A U N U )
L Ay Ay Az Ay
Alice picks: 9, 3 22 an—1
B(ay, ap) B(as, o”Bp) B(az, o’5°p) B(ay,a" 8" p)

The sequence of closed balls converges to a singleton containing

the outcome w. Alice wins if w € S. Otherwise, Bob wins.
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Example

Let X =R and $ =[0,1). Let (o, 8,p) = (1/2,1/3,1).
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Example

Let X =R and $ =[0,1). Let (o, 8,p) = (1/2,1/3,1).
» Suppose Bob chooses By = [—1,1].

» For each n € N, suppose Alice chooses

_ 1 1
An = =351 21

» and Bob chooses B, = [~ &].

1/3 11 11 11
[~ 11]1/—2>[ 33 = el = sl 2 lse0 36 =

Then w =0 € S. Therefore, Alice wins the game.
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Winning Sets

Given «, 8 € (0,1) and target set S C X, the set S is said to be

» (o, 3, p)-winning ((a, 3, p)-losing) if Alice (Bob) has a

winning strategy to win the game.
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Winning Sets

Given «, 8 € (0,1) and target set S C X, the set S is said to be

» (o, 3, p)-winning ((a, 3, p)-losing) if Alice (Bob) has a

winning strategy to win the game.

» (a,)-winning ((a, 8)-losing) if S is (a, B, p)-winning
(e, B, p)-losing) for any p > 0.

» a-winning if S is («, 8)-winning for any 5 > 0.

» winning if S is a-winning for some a € (0, 1).

Fact: S is winning = S is dense. In particular, S has full
Hausdorff dimension of X = R"™.
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On Numeration Systems

Schmidt's Games were used to study “denseness” of sets related to

numeration systems.

Theorem (Zanger-Tishler and Kalia, 2012)
Given 1 < b € N, the set of numbers with 0 in its b-ary expansion
is
» (o, B)-winning if log,(af8) ¢ Q and > fp(«x) for some
quantity fp(«).

2
» (a, B)-losing if af = — and a > 7

o | =

5/31



On Numeration Systems

Schmidt's Games were used to study “denseness” of sets related to

numeration systems.

Theorem (Zanger-Tishler and Kalia, 2012)
Given 1 < b € N, the set of numbers with 0 in its b-ary expansion
is
» (o, B)-winning if log,(af8) ¢ Q and > fp(«x) for some
quantity fp(«).

2
» (a, B)-losing if af = — and a > 7

o | =

Goal: Find an analogue of the results of Zanger-Tishler and Kalia
for rotational beta expansions.
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Rotational beta Expansion

Let 5> 1and M € SO(m) (m € N). Let L be a lattice on R™

with fundamental domain X such that R™ can be partitioned as

R™ = UX+d.
del

Define T : X — X such that
T(z) = Mz — d(z)

where d(z) € £ and z € X 4 d(z). The expansion on X" induced
by T with digits in L is called the rotational S-expansion with
parameters (5, M, L).
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Consider the Rotational S-expansion on X’ with parameters

(8, M, L).
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Consider the Rotational S-expansion on X’ with parameters

(8, M, L).

> Ifm=1,M=1,X=[0,1) and £ = Z, then the rotational

beta expansion is the classical B-expansion.

» If m = 2, then the rotational beta expansion can be viewed as
an expansion on C where the base is the complex number
equivalent to SM. Similarly, if m = 4, then the rotational
beta expansion can be viewed as an expansion on the set H of

real quaternions.
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Winning Result on Real Expansions

Consider the real expansion on [0,1) with base 1 < b € R with
digit set D. For d € D, define

Cpld] :={x €]0,1) : d appear in the b — expansion of x.}

Also, let i € NU {0, 00} be the length of the b-expansion of
b — | b], that is,

i == max{j € N: the jth digit of b — | b] is nonzero}.
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We set K = K}, be the maximal length of zero blocks (blocks
containing only the digit zero) among the first i digits of the
b-expansion of b — | b].
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We set K = K}, be the maximal length of zero blocks (blocks
containing only the digit zero) among the first i digits of the
b-expansion of b — | b].

Example
» beN=—=i=0=K=0

» b=(14++5)/2= b—|b| =010° = K =1

Problem: How to compute for K (e.g. b= 1/2)?
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Let k € N. Denote by Df\_l the set of admissible blocks of length

k — 1 and suppose
DY = .

We can write DK 1 = ®1,®2,...,eyN} such that
A 9 9 9

€1 <lex €2 <lex *** <lex BN-
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Suppose d € D such that e;d is admissible for all j. Then the
length of cylinder set

A(ejd) :={z € X : the b — expansion of z starts with e;d}
is at most b~ X,

Let Ex_1.4 := {®; : A(e;d) had length less than b *.}

Lemma
Let N > j € N such that j,@jy1,...,®j1¢ € Ex_1,4. Then
(< K+1.
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Theorem (Caalim-Kaneko-N., 20xx)

Suppose K < oo. Let d € D such that d < d’ where d’ is the
minimal digit of d*(1). Let «, 8 € (0,1) such that log,(afB) ¢ Q.
Then Cp[d] is (v, B)-winning if § > Ap(a) where

(2b(K +2) +1)a—1

An(@) = af(4b(K +2) — 1) — a(2b(K +2) = 1)] )

Remark: If « is small, then Cp[d] is a-winning.
Problem: What if K = 00?
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Idea of Proof

We have Cp[d] = U Vi(b; d) where
k=1

Vi(b;d) = {z € [0,1) : kth digit of b — expansion of z is d.}

Then N
Vie(b; d) = ] A(e;jd).

J=1
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Assume (1) and log,(af) ¢ Q. Then there exist n, k € N such that

4b(K +2)ap(1 — «) - K+2

2b(K +2)a — — R

<l—-a (2)

and so

() 552 < papya- o)

. 4p(ef)"(1-a) 1

(ii) 2p(aB)"a — 1 —ap < o

Alice must choose apy1 so that |apt+1 — bn| < p(af)"(1 — «). Let
a be the center of an interval A(e;d) of Vi (b;d) that is closest to
bp.
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» If such interval is of length b7k ie. e ¢ Ex_1,4, Alice

chooses apt+1 = a.

» If such interval is of length less than b™%, i.e. the ¢; € Ex_1 4,
Alice chooses a,;1 = a’ where a’ is the center of an interval
A(ejd) of Vi(b; d) nearest to a such that the length of the
interval of Vi (b; d) centered at &’ is b™X.

Note that the gap between the consecutive centers of the

intervals A(e;d) is at most p=(k=1),

15/31



Then, in any case, |ant1 — by| < (K +2)b~ 1 < p(af)"(1 - a)
by (i) which means a1 is a valid choice.

Alice wins if she can force the situation where A, C Vi(b; d) for
some m € N. For avoiding such a situation, Bob's best strategy is

to move away as far as possible from a,;1 at each turn.

Figure: Centers a,11, byt1, ant2, bpy2 of the balls A,11, Byy1, Any2 and

Bn+2
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Bob's best strategy is to choose
boim = anim + pa(aB)™™ 11 — B) for all m € N.

Alice chooses anymi1 = bpim — p(B)"T™(1 — ). Then for any

méeN and z € Apymy1, we have

2p(af)™ (1 — )1 — (aB)"]

2 = ans1l = plaB)a — —
2 n+1 1—
which decreases toward p(af3)"a — p(a,éi)_ a(ﬁ @) as m
increases.
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By (ii), there exists m € N such that |z — ap 1| < 1/(2b¥) for any
z € Aptm+1, Which implies that A,4 41 is contained in an interval
of V. Therefore, Apim+1 C Vi(b; d).
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Winning Result for Complex Expansion

Let £ = re’ where r > 1 and 6 € [0,2n) be the base of complex
expansion with fundamental domain X = [~1/2,1/2)? with lattice
L = 7[i].

Then for z € X, the first digit d(z) of the E(z) is

d(z) = |Re(£z) + 3| + |Im(¢z) + 3| 2
= | rxcos(8) — rysin(0) + 3| + | rxsin(6) + ry cos(6) + 3|

,
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Digit Set

We define the digit set D = D(§) := {d(z) : z € X'}.

e
ik

Figure: The set £X is the blue square and D is the set of lattice points

on the green squares.
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Square Digit Sets

Let &€ = re” where § € [0,7/4]. Let D = U (X +d).
deD
Proposition
If D is a rectangle, then it is a square. Also, if D is a square, then
there exists N € N such that

D={a+bi:abeZs.t |a|,|b] <N.}
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We say that £ has a square digit set of size N € N if
D ={a+ bi|a,becZsuch that |a|,|b] < N}.

If ¢ = re? has a square digit set of size N, then

N = [r(c+s)+1

> —‘—lwherec:COSG and s =sind.

Proposition

The base & has a square digit set of size N € N if and only if

2N +1
2N —1 < = .
( Nc+s)<r< P un(0)
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Theorem
Let 6 € [0,7/4] and K(6) := [(sc +1)/(2sc)] — 1. Then & = re®
has a square digit set if and only if

K(6)

re |J (N =1)(c+s),un(9)].

N=1
Note that by symmetry, we can restrict 6 € [0,7/2] (except on

some rare cases). Further, we can consider 6 € [0,7/4] such that if

6 € (v/a,7/2], then sin and cos switch roles.
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Property (Cx)

Let k € N. We say that the £-expansion has property (Cy) if
e a g+ tacx

for any admissible block ajay---ax_1 € D1 with
(G):etx ca.

Problem: When does (Cj) hold?
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Observe that

k—1
(Ci) holds > &*x +) ¢Ha Cx
j=1
for all admissible aja> - - - .
k=1
= tp = P+ (HaeX
j=1

where P is a corner point of X'
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If ¢ = re” has square digit set of size N, then

_A(N7 k) < Re(tP)alm(tP) < A(N7 k)
(k) (k) =1 c0) U)
I S I G that

2rk : ri
Jj=1

C(J) = COS(jQ). So A(N, k) < 1/2 implies (Ck)

where A(N, k) =
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If ¢ = re” has square digit set of size N, then
_A(N7 k) < Re(tP)alm(tP) < A(N7 k)

(k)] 4 |56 K11 0)) 4 |s0)
[+ s ’+NZ’C |+ [sY]

where A(N, k) = ok 2 ;i such that
cl) = cos(jf). So A(N, k) < /2 implies (Cy).
k—1
Let fy(r) := r¥ =20 Y~ A< (1] + [sD) = (|e¥] + |s¥))
j=1
such that £{9(r) > 0 <= A(N, k) < 1/2.
Then f( ) has a unique positive root v (k) = v,(vk)(ﬁ). Note that

(k)

Vi increases as k increases.
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Theorem

Let € [0,7/4] and r > 1. Let N € N. Then & = re® has a square
digit set of size N and (C,) holds for the &-expansion for
ne{l,2,... k} if

v,(Vk)(H) < r < un(0).

In particular, (Cy) holds for the £-expansion if and only if
v,(\,2)(9) <r < un(0).
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Let C¢[0] := {z € X' : the &-expansion of z has digit 0}. Observe
that Ce[0] = | J Vi(£,0) where Vi :={z € X : di(z) = 0}.

k=1
Proposition
Llet ke Nanda =ajax---ax € DX be an admissible block. If
(Cn) holds for n € {1,2,...,k + 1}, then (a,0) is admissible.

Moreover, Vi11(&;0) can be partitioned into disjoint squares as

k
Vier1(£:0) = U x4y "¢

aiap--axE€DK is admissible Jj=1
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Also, if £ has square digit set, the we can define an ordering on

D = {wi,wa, ..., Wont1)2} such that [we 1 — we| =1 for all £.

LI

k-1
This translates to an order of the centers of the form Z £ aj of
j=1
the squares that make up V). Hence, the distance between

“consecutive” centers of Vj is at most -
=
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Theorem (Caalim-Kaneko-N., 20xx)

Let ¢ = re®. Let N,k € N and suppose v,(vk)(H) <r<upn(h). Let
0<a,8<1andp>0. Suppose

_ (2v2r+1)a—1
b= Fe) = T 0 aa t (avar 1))

and p satisfies

4af(1 — «) 1 -«

— S p <
T—af = plaB)yr* ~ Var

for some n € N, then C¢[0] is («, 3, p)-winning.

2«
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Losing Result

Consider the rotational expansion on X C R™ with parameters
(b, M, L).

Theorem

Assume that X has a nonzero interior point. Let
Q=didr---d, € L" be an admissible word of length n There
exists a positive constant Cq such that for any real number

a € (0,1) so that Cqlb|™" < «a and |b|™" < a, we have

C[Q] :={z € X : Q appears in the expansion of z}
is (a, B)-losing, where 3 = a™|b|™" < 1.

Problem: Minimize Cq,.
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-END-
-Thank you!-

Alice to Bob when S = (,[0] and a is
small:

YOU GET, unt_uman@i‘msu
N

A

LW

GOOD/DAY. SIRL: 5
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