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Motivation

&= Z:i—N(f) t,b~" : base-b expansion of £ € Ryo. We define
Ab,E,N):=#{neN|n<N, t,#0} ie # of nonzero digits.
By the theorem of Adamczewski and Faverjon(2012), Bugeaud(2012), we have

I;\In1_>|onch:0 = £¢Q or deg& > ¢+ 1.

The result above is a rediscovery by Erdés-Straus (1954), Erdés (1957).

Question (Border case)
We consider &€ € Ry s.t. A(b, &, N) < NY/* .

Moreover, we give sufficient conditions for the linear independence of

{€0¢52¢5% | (di, da, ds) € B} for B C Z%,.
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Transcendental numbers xg, x1, xo (¢ = 3)

By the Thue-Siegel-Roth theorem, the following numbers xp, x1, x, are
transcendental (T.Tsurumaki, 2025+).

Definition

Let Sy (d =0,1,2) be the set of all non-negative binary integers where the
digits at positions not congruent to d (mod 3) are 0.
Example,

So = {(0)2, (1)2, (1000),, (1001),, (1000000),, (1000001),, (1001000), - - - }
=1{0,1,8,9,64,65,72,- -}

1
Xg =Y 4 (d=0.1,2),  Note that A(b,xy, N) =< N3 (thus, € = 3).
neSy

@ Modifying the ErdGs-Straus method, lin. indep. is obtained for xp, x1, X2 in
the following cases: B = {(di, dz, d3) | di,dz,d3 > 0,d; + dr + d3 < 2}.

@ However, xpx1x0 = 2.

S.Oshima (University of Tsukuba) Linear independence September 8, 2025



Main result

Let P(Xl,XQ,X3) = ap + 31)(13 + 32X23 + a3X3 and )\(b,f,‘, N) = N1/3.

Goal : P(&,&1,&) # 0.

deg P =3 = &1,&,&3 are border cases. Using word combinatorics, we have:

Theorem (O. ,2025+, generalization of xg, x1, X2)

(ta(n))n>0 € Zso (d € {0,1,2}) satisfying the following:
ta(n) < e@®)" (d €{0,1,2}, n>> 1),
where Co(b) := (log b)/29. We define the numbers Xy, X1, X2 :

- tqg(n
Xd - — db(n)

(d € {0,1,2}).

neSy
Then, the set {1, %00, 53, )723} is linearly independent over Q.

Our method does not need a functional equation (flexible).
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