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Known results — Hausdorff dimension

Let P(E ) denote the collection of Borel probability measures supported on
E .

(Frostman’s Lemma) Let E be a Borel set in Rd . If 0 ≤ s < dimH E , then
there exist µ ∈ P(E ) and a constant c > 0 such that µ(B(x , r)) ≤ cr s for
x ∈ Rd and 0 < r < 1.

(Mass distribution principle) Let µ be a Borel measure supported on E .
Suppose for some s > 0, there is a constant c > 0 such that
µ(B(x , r)) ≤ cr s for x ∈ Rd and 0 < r < 1. Then dimH E ≥ s.

Equivalent definition of Hausdorff dimension:

dimH E =sup{s : there exist µ ∈ P(E ) and c > 0 such that µ(B(x , r)) ≤ cr s

for all x ∈ Rd and 0 < r < 1}

= sup
µ∈P(E)

lim inf
r→0

inf
x∈E

log µ(B(x , r))

log r
.

University of Tsukuba Sep. 9th, 2025 4 / 12



Known results — Packing dimension

(Cutler,1995) Let E be a non-empty compact subset of Rd . For every
0 ≤ s < dimP E , there exist µ ∈ P(E ) and c > 0 such that, for each
x ∈ Rd , there is {rn(x)}n ↓ 0 such that µ(B(x , rn(x))) ≤ crn(x)

s .

If there exists a Borel measure µ with µ(E ) > 0 such that for all x ∈ E ,

lim supr→0
log µ(B(x,r))

log r ≥ s, then dimP(E ) ≥ s.

Equivalent definition of Packing dimension:

dimP(E ) = sup{s ≥ 0 : there exist µ ∈ P(E ), c > 0 such that for each

x ∈ Rd , there is {rn(x)}n ↓ 0 such that µ(B(x , rn(x))) ≤ crn(x)
s}

= sup
µ∈P(E)

inf
x∈E

lim sup
r→0

log µ(B(x , r))

log r
.
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Main result

Theorem (Falconer-Z.,2025+)

Let E ⊂ Rd be compact. Then

dimMBE =sup
{
s ≥ 0 : for any sequence {rk}k ↓ 0 there exist {rki}i ⊆ {rk}k

and a measure µ ∈ P(E ) such that µ(B(x , rki )) ≤ r ski

for all x ∈ Rd and i ∈ N
}

= inf
{rk}↘0

sup
µ∈P(E)

lim sup
k→∞

inf
x∈E

log µ(B(x , rk))

log rk
.
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An independent sequence

Theorem (Falconer-Z.,2025+)

Let E be a non-empty compact set in Rd . Then

dimC (E ) = sup{s : there exist µ ∈ P(E ), c > 0 and {rn}n ↓ 0 such that for all

x ∈ Rd , µ(B(x , rn)) ≤ cr sn}

= sup
µ∈P(E)

lim sup
r→0

inf
x∈E

log µ(B(x , r))

log r
.

dimMBE ≤ dimC (E ) ≤ dimP E .

Example (Falconer-Z.,2025+)

Given 0 < a < b < c < 1, there exists a compact set E such that

dimMBE = a, dimC (E ) = b, dimP E = c .
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Proposition

Let 0 < ϵ < 1 and ρ > 0. There are constants b1, b2, r0 > 0 depending on d , ϵ and
ρ such that for all probability measures µ on Rd with support in B(0, ρ) and all
r ≤ r0,

b1r
d(1+ϵ)

∫
|z|≤r−1

|µ̂(z)|2dz ≤
∫

µ(B(x , r))dµ(x) ≤ b2r
d(1−ϵ)

∫
|z|≤r−1

|µ̂(z)|2dz .

Correlation dimensions:

dimCE = sup
µ∈P(E)

lim inf
R→∞

log
(
R−d

∫
|z|≤R

|µ̂(z)|2dz
)

− logR

dimHE =dimCE = sup
µ∈P(E)

lim sup
R→∞

log
(
R−d

∫
|z|≤R

|µ̂(z)|2dz
)

− logR
.
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Integral form

Box dimensions:

dimBE = lim inf
r→0

sup
µ∈P(E)

log
∫
µ(B(x , r))dµ(x)

log r

dimBE = lim sup
r→0

sup
µ∈P(E)

log
∫
µ(B(x , r))dµ(x)

log r
.

Modified lower box dimension:

dimMBE = inf
{rk}↘0

sup
µ∈P(E)

lim sup
k→∞

log
∫
µ(B(x , rk))dµ(x)

log rk
.
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Fourier characterisations of dimensions

Box dimensions:

dimBE = lim inf
R→∞

sup
µ∈P(E)

log
(
R−d

∫
|z|≤R

|µ̂(z)|2dz
)

− logR
,

dimBE = lim sup
R→∞

sup
µ∈P(E)

log
(
R−d

∫
|z|≤R

|µ̂(z)|2dz
)

− logR
.

Modified lower box dimension:

dimMBE = inf
{Rk}↗∞

sup
µ∈P(E)

lim sup
k→∞

log
(
R−d
k

∫
|z|≤Rk

|µ̂(z)|2dz
)

− logRk
.
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More details on my poster.

Thank you for your attention!
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