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Terminology

o Let A be a finite set of symbols and A* the set of all finite words over A.
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Terminology

Let A be a finite set of symbols and A* the set of all finite words over A.

@ A word w € A* is the concatenation of letters over this alphabet:

w=hh...l,, where ; € AA¥V0<i<n.

|w| denotes the length of w
|w|; the number of occurences of / in w.

The reversal of w = hbh ...l is: w=1/...hh.

If W = w, we call w a palindrome.



Christoffel words

The (lower) Christoffel path of the line segment joining O(0,0) to (b, a), where a
and b are coprime.
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Combinatorics on Words

Christoffel words

The (lower) Christoffel path of the line segment joining O(0, 0) to (b, a), where a
and b are coprime.

The line segment from O(0, 0) to (8,5) has the following Christoffel word:

(8.5)

0(0,0)

C(g) = 00100101001010 = 0; 01001010010 1 = Ov1

The Christoffel word w = C(£) with p(w) = :Wil, where p(w) is the slope of the
line segment.



Combinatorics on Words

Christoffel words

The (lower) Christoffel path of the line segment joining O(0, 0) to (b, a), where a
and b are coprime.

The line segment from O(0, 0) to (8,5) has the following Christoffel word:

(8.5)

110 0
0(0,0) =—

C(g) = 00100101001010 = 0; 01001010010 1 = Ov1

The Christoffel word w = C(£) with p(w) = :Wil, where p(w) is the slope of the
line segment.




Standard factorization

(8.5)

0(0,0)

@ P the closest point to the line segment on the Christoffel path.

RiEei 20 YT

5/31



Standard factorization

(8.5)

0(0,0)

@ P the closest point to the line segment on the Christoffel path.

@ wj and w» are christoffel words

RiEei 20 YT

5/31



Standard factorization

(8.5)

0(0,0)
@ P the closest point to the line segment on the Christoffel path.

@ wj and w» are christoffel words

o w = (w1, w); p(wa) > plws)
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Standard factorization

(8.5)

0(0,0)

P the closest point to the line segment on the Christoffel path.
wy and w» are christoffel words

w = (wy, wa); p(ws) > p(we)

w = C(3) = (00100101, 00101) = C(3) - C(3)
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Standard factorization

(8.5)

0(0,0)

@ P the closest point to the line segment on the Christoffel path.
@ wj and w» are christoffel words
o w = (ws, w); p(wr) > plws)
e w = C(3)=(00100101,00101) = C(3) - C(3)
The uniqueness of this points is due to Borel, Laubie (BL1993).
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Special morphisms

Let w = (wy, wn), we define two morphisms L and R from A* to A* by:
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Special morphisms

Let w = (wy, wn), we define two morphisms L and R from A* to A* by:

L(w) = L((w1, w2)) = (w1, wiwr) and R(w) = R((w1, w2)) = (wiwa, ws).



Combinatorics on Words

Special morphisms

Let w = (wy, wn), we define two morphisms L and R from A* to A* by:

L(w) = L((w1, wa)) = (w1, wiwz) and R(w) = R((w1, wa)) = (wiwa, ws).
Example

Let the Christoffel word of slope 3/5;

C(3/5)=(001,00101)

\Y G

C(4/7)=(001,00100101) C(5/8)=(00100101,00101)

Rl 20D YT T



Special morphisms

Let w = (wy, wy), we define two morphisms L and R from A* to A* by:

L(w) = L((wa1, w2)) = (w1, waws) and R(w) = R((wy, wn)) = (wawa, wy).

©.1)
/(Q (01,1}
10,001) (001,01) /\

(011,1)

ANV ANIAN N

(0,0001) (0001001} (001,00101) (00101,01) {0101,011) (01011,011) :011011.1} (0111,1)

Christoffel tree
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Combinatorics on Words

Stern-Brocot tree:

Using the Farey Sum defined by: 2 & § = 255
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Stern-Brocot tree:

Using the Farey Sum defined by: £ & § = -5 - y

b+d -

1
1 0
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Combinatorics on Words

Stern-Brocot tree:

Using the Farey Sum defined by: £ & § = -5 -

btd-

0 1
1 0
S
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Combinatorics on Words

Stern-Brocot tree:

Using the Farey Sum defined by: 2 & § = 255

=
Ol

4
1
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Continued fractions

Definition
The continued fraction of a rational number § is given by: § = [a, ..., a,], s.t:
a n 1
—=a+ —
b 1
a+—v
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Continued fractions

Definition

The continued fraction of a rational number § is given by: § = [a, ..., a,], s.t:

a n 1
b 1
ai + 1
et L |
Example
We write % =[0,1,1,1,2] since:
5 1
°_0
8 +1+ 1
1+ !
1+ L
5 v

— T R YT e



Note that

a
E:[ao,...,an]:[ao,....,an,l,l]
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Note that
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Some Relations

Lemma (Smith 1876)

Let 7 = [a0, a1, .-, az], the directive sequence of a/b is given by:
A(a/b) = 1207 .. x?%-1y2%~1 where x # y and x,y € A.
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Some Relations

Lemma (Smith 1876)

Let 7 = [a0, a1, .-, az], the directive sequence of a/b is given by:
A(a/b) = 1207 .. x?%-1y2%~1 where x # y and x,y € A.

A(a/b) is the path to follow on the Stern-Brocot tree to reach the fraction a/b.
(0+— L,1+— R).
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Some Relations

Lemma (Smith 1876)

Let 7 = [a0, a1, .-, az], the directive sequence of a/b is given by:
A(a/b) = 1207 .. x?%-1y2%~1 where x # y and x,y € A.

A(a/b) is the path to follow on the Stern-Brocot tree to reach the fraction a/b.
(0+— L,1+— R).

Example:

Let £ =[0,1,1,1,2]; A(5/8) = 1°0'1%01* = 0101.
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Some Relations

Lemma (Smith 1876)

Let 7 = [a0, a1, .-, az], the directive sequence of a/b is given by:
A(a/b) = 1207 .. x?%-1y2%~1 where x # y and x,y € A.

A(a/b) is the path to follow on the Stern-Brocot tree to reach the fraction a/b.
(0+— L,1+— R).

Example:

Let £ =[0,1,1,1,2]; A(5/8) = 1°0'1%01* = 0101.

1/1
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el Rl MUl Corvinued fractons
Isomorphism between the two trees

(0,1)
(0,01) (01.1)

AN SN

(0,001) (001,01) (01,011) (011,1)
/ \ / \ / \ / \

First 3 levels of the Christoffel tree

T
N\, N\,
SN NN, /\

1

First 4 levels of the Stern-Brocot tree 4

RiEei 20D YT e



Balanced words

Definition

A word w is §—balanced if for all a €A, and for all two factors w’ and w” of w,
such that |w'| = |w”|, we have:

[W']a = [w"]a] < 0.
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Balanced words

Definition

A word w is §—balanced if for all a €A, and for all two factors w’ and w” of w,
such that |w'| = |w”|, we have:

[W']a = [w"]a] < 0.

Theorem (Berstel, de Luca BdL1997)

A word w is a Christoffel word iff it is a 1—balanced word of the form Ov1, where
v is a palindrome.

RiEei 20D YT YT



Balanced matrix

For all 1 <i,j < n, we have: S,[i,j] = |w[j...i+j—1]|:.

Definition (Balanced Matrix, Tarsissi 2017)
Buli,jl = Swli,j] = min(Sy[i]) , V1<i<n—1land1<j<n. J

The order of balance of w* is given by: 6 = (max B,,).
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Balanced matrix
Forall 1 <i,j < n, we have: S,[i,j]=|w[j...i+j— 1]

Definition (Balanced Matrix, Tarsissi 2017)
Bulisjl = Swli,j]— min(Sy[i]) ,V1<i<n—1land1<j<n. J

The order of balance of w* is given by: § = (max B,,).

Example

Let 2=3; n=7; C(3)=0110111.
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Balanced matrix

Forall 1 <i,j < n, we have: S,[i,j]=|w[j...i+j— 1]

Definition (Balanced Matrix, Tarsissi 2017)
Bulisjl = Swli,j]— min(Sy[i]) ,V1<i<n—1land1<j<n. J

The order of balance of w* is given by: § = (max B,,).

Example

Let 2=3; n=7; C(3)=0110111.

Nio

Il
O WONDNE=EO
1Tl WDNDDN =
G, OWONRER=
g W WwWN = O
Lol W WN =
GO D OWNNH
A WwWwnN R
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Balanced matrix

For all 1 <i,j <n, we have: S,[i,j] = |w[j...i+j— 1]}

Definition (Balanced Matrix, Tarsissi 2017)
Buli,j] = Swli,j] — min(S4[i])  V1<i<n—1land1<j<n J

The order of balance of w* is given by: 6 = (max B,,).

Example
Let 2 =2; n=7; C(3) = 0110111. We have: § = max(Bs) = 1.
0110111 0110111
12112 21
01 00110
2 22 2 3 22 00007100
Ss=|12 3 3 3 3 3 3 Bs =
2 2 01 1 1111
3 4 4 3 4 4 3
0110110
4 5 4 4 5 4 4 0100710 0
55 5 5 5 5 5
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First and second orders of Balancedness

Second order balance property on Christoffel words

Lama Tarsissi’ * and Laurent Vuillon®

' LAMA, Univ Gustave Eiffel, UPEM, Univ Paris Est Creteil, CNRS, F-T7447 Marne-la-Vallée, France
lama.tarsissi@esiee.fr
2 LAMA, Univ. Grenoble Alpes, Univ. Savoie Mont Blane, CNRS, 73000 Chambéry, France
laurent.vuillon@univ-smb.fr
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Construction of the Second order balance matrix

Let w be a Christoffel word of slope § and n = a+ b.
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First and second orders of Balancedness

Construction of the Second order balance matrix

Let w be a Christoffel word of slope § and n = a+ b.
Definition

The second order balance matrix is given by:

Unw = (ughi<ij<n—1: Uuli,j] = max(Bg,1[])-
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First and second orders of Balancedness

Construction of the Second order balance matrix

Let w be a Christoffel word of slope § and n = a+ b.
Definition

The second order balance matrix is given by:

Unw = (ughi<ij<n—1: Uuli,j] = max(Bg,1[])-

@ The second order of balancedness is: §2(w) = max(U,).
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First and second orders of Balancedness

Construction of the Second order balance matrix

Let w be a Christoffel word of slope § and n = a+ b.
Definition

The second order balance matrix is given by:

Unw = (ughi<ij<n—1: Uuli,j] = max(Bg,1[])-

@ The second order of balancedness is: §2(w) = max(U,).

© The matrix Uz has 3 axis of symmetry: Horizontal, vertical and diagonal.
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First and second orders of Balancedness

Construction of the Second order balance matrix

Let w be a Christoffel word of slope § and n = a+ b.
Definition

The second order balance matrix is given by:

Unw = (ughi<ij<n—1: Uuli,j] = max(Bg,1[])-

@ The second order of balancedness is: §2(w) = max(U,).

© The matrix Uz has 3 axis of symmetry: Horizontal, vertical and diagonal.

Q U:.=U

oo
wlo
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First and second orders of Balancedness

Recursive construction

b

Fori:[ao.~-~.az]=>U%: v | B . ,
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First and second orders of Balancedness

Recursive construction

b

ForE*[aoA~-~.aZ]=>U%: v | B . ,

Ug is divided into 9 blocks:
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First and second orders of Balancedness

Recursive construction

. . .
For57[30u-~.az]=>U%: v | B . ,

Ug is divided into 9 blocks:

4 lines of separation and 3 blocks a, 5 and +.
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First and second orders of Balancedness

Recursive construction

. . .
For57[30u-~.az]=>U%: v | B . ,

Ug is divided into 9 blocks:

4 lines of separation and 3 blocks a, 5 and +.

=[ao, -+ ;a1 +1];
— [a0, -, a,-1,2];

= [ao, -+, az1];

= [307. ce Ay — 1’2];
=[ao, -+ ,a-2];

= a0, ,a; = 2]

<=
cL/>
o
(4] [
TR I Ho <X aln <=

Lama Tarsissi Numeration 2025 11-09-2025 16 /31



First and second orders of Balancedness

Example

1

1

1
1

1
1
1

111111 1411111

111211 1412111
1111 1}2 2|1 11

1212 1(2 2|1 2121
1111 1}1 1|1 11

112 2 112 2|1 2 21
112 2 112 2|1 2 21

111111 1111111

1212 1(2 2|1 2121
1111 1}2 2|1 11
1112 1j1 1|1 21

1111 1}j1 11111

17/31

11-09-2025

Numeration 2025

Lama Tarsissi



First and second orders of Balancedness

Example

1_p
270
3 _u _ e
5 v - f

R YT T



First and second orders of Balancedness

3
5

Top left part of U

141

2

21/)U

B
o
— o
o N
- o N
o o
o o o =N N
N N O
— AN~ N N N~ N~
o
e b
3 o N
NN [N N[ NN
-
o= NN NN NN
o [ [ I
AN H N NN N AN olwn
>
— o = NN
1121\112111
o A A [ -~ ~
o
\ Il [P -
)
—~ > NN A
o
>
oo NN
=
-
o
~N~N———
I
™
. 3
/N
—
-
~
Il
Sl
)

QU

The y — block The a—block

The S—block

17/31
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Numeration 2025
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Some results on 62

Theorem (Tarsissi,F 20)

Let 7 = [a0,a1," -+ ,a;]. Then we have the following.

P { BER) . "

>2and a, = 2,
elsewhere.

[a0, a1, , a3, — 2] ifa, >4
where: ¥ =lag, a1, -+ ,a,—1+1]; and § = S [ag, a1, ,a,-1+1] ifa, =3
[a0, a1, -, a,—2] ifa, = 2.
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Some results on 62

Theorem (Tarsissi,F 20)

Let 7 = [a0,a1," -+ ,a;]. Then we have the following.

Pe@)={wlcti) o0

[a0, a1, -
.ou o . —
where: ¥ =[ag, a1, -+ ,a,—1+1]; and § = < [ag, a1, -

[a0, a1, - -

>2and a, = 2,

elsewhere.
©,a, —2] ifa, >4
,az_1—|—1] ifaz =3
,az—2] ifa, =2

Theorem (Tarsissi,F 20)

For each level k in the SB tree, we have: 67 > [%].

11-09-2025
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Minimal paths

We assign for each fraction in SB; tree the 52 value of its related Christoffel word
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Characterisation of minimal paths

Minimal paths

We assign for each fraction in SB; tree the 52 value of its related Christoffel word

1

}

1
2/\1
7\ / N\
2 2 2 2

/N /NN
3 2 2 3 2 2 2 2



Characterisation of minimal paths

Minimal paths

We assign for each fraction in SB; tree the §2 value of its related Christoffel word
1

}

1

2/ \1

/ N\ / O\
2 2 2 2
/SN /N /N N\
3 2 2 3 2 2 2 2

@ P(3) the sequence of all the fractions in the path from the root of SB; to

the element %,

@ Ps(2) the sequence of the related 62 values.



Characterisation of minimal paths

Minimal paths

We assign for each fraction in SB; tree the §2 value of its related Christoffel word
1
|
1

2/ \1
Y\ Y\
2 2 2 2
SN /NN
3 2 2 3 2 2 2 2
Example

P(5)=(3.3,3,2,4,5), and the related 6% sequence is

—mw RiEei 20D YT
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Characterisation of minimal paths

Minimal paths

We assign for each fraction in SB; tree the 52 value of its related Christoffel word

1

}

1
2/\1
7\ / N\
2 2 2 2

/N /NN
3 2 2 3 2 2 2 2

Definition (Tarsissi,F 20)

For each level k of the SB;, the minimal path MPy is given by:
(1,1,1,2,2,2,3,...,[%]).

A minimal fraction  has Pp(3) =(1,1,1,2,2,2,3,.. ., ]'gl)

R YT

19/31



Characterisation of minimal paths

A minimal path

Definition

The zigzag path is the path followed by the fractions in the Stern-Brocot tree
having [0,1,1,...] as continued fraction.
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Characterisation of minimal paths

A minimal path

Definition

The zigzag path is the path followed by the fractions in the Stern-Brocot tree

having [0,1,1,...] as continued fraction.

Fﬂ

The zigzag path is formed by the ratio of Fibonacci sequence: o

1
2 1
T T
U r A= A a0

l/ \Z g/ \i 3/ \j i/ \i i/ \1 E/ \1 1/ \§ 1/ \E
5 7 8 7 T 8 7 5 4 5 5 4 3 3 2 1
ANVOANANAAAAARA N
1233455457877 8756911WL1312991213L110119 6
6911101113129 912131110119 6 5 T8 TT7T 87 545 543321

11-09-2025
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Characterisation of minimal paths

A minimal path

Definition
The zigzag path is the path followed by the fractions in the Stern-Brocot tree

having [0,1,1,...] as continued fraction.

Fﬂ

The zigzag path is formed by the ratio of Fibonacci sequence: o

1
T T
%/ ~ %/7\% %/ N g/ \%

l/ \Z g/ \g 3/ \jzi/ \i i/ \1 §/ \1 7/ \§ 1/ \E
5 7 8 7 T 817 5 4 5 5 4 3 3 2 1
ANARNAIAAARLAA AR
1233455457877 8756911WL1312991213L110119 6
6911101113129 912131110119 6 5 T8 TT7T 87 545 543321

Lemma
The zigzag path who converges to the inverse of the golden ratio, é =¢p—-1,

minimizes the growth of 6% on the Stern-Brocot tree.

11-09-2025 20/31




Characterisation of minimal paths

Characterisation of some minimal paths

Theorem (Tarsissi,F 20)

Let % be a minimal fraction at level k = 3n with n > 1.Then the continued
fraction representation of % is of the form [0, 1, P(2),2] where P(Q) is a
concatenation of elements of

Q={wo=(1,2),w; =(1,1,1),ws = (2,1),ws = (3)} and conversely.
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Characterisation of some minimal paths

Theorem (Tarsissi,F 20)

Let % be a minimal fraction at level k = 3n with n > 1.Then the continued
fraction representation of % is of the form [0, 1, P(2),2] where P(Q) is a
concatenation of elements of

Q={wo=(1,2),w; =(1,1,1),ws = (2,1),ws = (3)} and conversely.

Example

The continued fraction of the minimal fraction % is [0,1,1,1,1,2] and satisfies
the conditions.

Rl 20D YT ST



Characterisation of some minimal paths

Theorem (Tarsissi,F 20)

Let % be a minimal fraction at level k = 3n with n > 1.Then the continued
fraction representation of % is of the form [0, 1, P(2),2] where P(Q) is a
concatenation of elements of

Q={wo=(1,2),w; =(1,1,1),ws = (2,1),ws = (3)} and conversely.

Example

The continued fraction of the minimal fraction % is [0,1,1,1,1,2] and satisfies
the conditions.

Corollary

Let k be a certain level in SBy, the number of MPy is equal to:
4571 if k=30
2.4l50-1  f k=31
4415070 f p=52

v
21/31



Question:

How are the minimal fractions and minimal paths
distributed on the SB tree?



Construction of 5B/3 tree from SB tree

@ At level one, we put the root %

@ For level two, we choose 8 descendants of % coming from level 6 of SB;.

@ For level k, we choose 85! descendants coming from level 3k of SB; tree.



Construction of 5B/3 tree from SB tree

@ At level one, we put the root %

@ For level two, we choose 8 descendants of % coming from level 6 of SB;.

@ For level k, we choose 85! descendants coming from level 3k of SB; tree.

//g\\

Figure: Partial SB,3 up to level 3

23/31



Construction of SB /3 tree from SB tree

Minimal fractions at level 2

@ SB/3[k] be the ordered set of fractions in SB3 at level k

@ i(7) denote the position (index) of the fraction ¢ in SB3[K].
e 8 8 7
: b= 3 . . + i — SB/3[2]
i 1 2 3 4 5 6 7 8



Construction of SB /3 tree from SB tree

Minimal fractions at level 2

@ SB/3[k] be the ordered set of fractions in SB3 at level k
@ i(7) denote the position (index) of the fraction ¢ in SB3[K].
7 8 8
11

[

? 1I3 [
i(3) 1 2 3 4 5 6

~ oI~

8

© Let 7/ and f/ denote the leftmost and the rightmost minimal fraction
respectively appearing at level k with respective positions if and if.

Q Let £ and £ denote the center left and the center right minimal fraction
respectively appearing aroud the biggest gap.



Minimal fractions at level 2

SB/3[k] be the ordered set of fractions in SB3 at level k

i(7) denote the position (index) of the fraction 7 in SB3[k].
7 8 8
1

© 0

[

? 1I3 [
i(3) 1 2 3 4 5 6

~ oI~

8

Let f/ and f/ denote the leftmost and the rightmost minimal fraction
respectively appearing at level k with respective positions if and if.

Let £* and £ denote the center left and the center right minimal fraction
respectively appearing aroud the biggest gap.

Let g, and g/ be the the leftmost and rightmost resp. gaps n level k.

©0 © o

Let = denote the maximum gap between two consecutive minimal fractions
at level k; g = ig" — it — 1.



Construction of SB /3 tree from SB tree

Minimal fractions position

Proposition (Tarsissi,S,N 2025+)

Let f be a minimal fraction in SB/3[k] and let c1, ..., cg be its ordered children at
level k + 1. Then ¢, c3, ¢ and c; are minimal.
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Construction of SB /3 tree from SB tree

Minimal fractions position

Proposition (Tarsissi,S,N 2025+)

Let f be a minimal fraction in SB/3[k] and let c1, ..., cg be its ordered children at
level k + 1. Then ¢, c3, ¢ and c; are minimal.

The fractions ¢, c3, ¢, and ¢ have specific continued fractions.
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Minimal fractions position

Proposition (Tarsissi,S,N 2025+)

Let f be a minimal fraction in SB/3[k] and let c1, ..., cg be its ordered children at
level k + 1. Then ¢, c3, ¢ and c; are minimal.

The fractions ¢, c3, ¢, and ¢ have specific continued fractions.

Proposition (Tarsissi,S,N 2025+)

Let 2 =1[0,1,P(Q2),2] be a minimal fraction at level k of SB/3. The minimal
fractions descendants from ¢ at level k + 1 of SB;3 are ¢;; i € {2,3,6,7}. These
minimal fractions have one of the following continued fractions:

[0,1, P(Q2),wo,2],[0,1, P(Q),w1,2],[0,1, P(Q),w,2], or [0,1, P(Q),ws,2].
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Construction of SB /3 tree from SB tree

Minimal fractions position

L 3 R
g/ \i
44/ N?5 Sé/ N:"4

L/7\R L/8\R L/Y\R
g e e

—_—
12 11

82

Gleo

8l~

8
1

L/5\R

O~

6
Figure: Partial SB; containing % up to level 6 along with minimal fractions highlighted in
red with the left and right sense of descent. The arrow g» represents the gap g» = 2.
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Recursive nature of g and g

The gaps gf and gk progress recursively.
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Construction of SB /3 tree from SB tree

Recursive nature of g and g

The gaps gf and gk progress recursively.
By induction, we have gx = ng. We summarize it in the following result.

Theorem (Tarsissi,S,N, 2025+)

Let gf = gf = g1 = 0. Then, for all k > 1, we have
Q gf = 8g,f71 +1 and g/ = 8g;_; + 1 with gf =g

Q g« =8gk_1+2 and g = 2g}
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Construction of SB /3 tree from SB tree

Recursive nature of g and g

The gaps gf and gk progress recursively.
By induction, we have gx = ng. We summarize it in the following result.

Theorem (Tarsissi,S,N, 2025+)

Let gf = gf = g1 = 0. Then, for all k > 1, we have
Q g,f = 8g,f71 +1 and g/ = 8g;_; + 1 with gf =g

Q g« =8gk_1+2 and g = 2g}

Corollary

Let k> 1. Then gl = gf = &=L,

e 20D YT ST



Distribution of minimal fractions at a given level

@ The distribution of minimal fractions at a given level is symmetric.
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Construction of SB /3 tree from SB tree

Distribution of minimal fractions at a given level

@ The distribution of minimal fractions at a given level is symmetric.

Lemma

Let W; =[0,1,wj, b, ..., by] for 0 < i < 3 be continued fractions. Let N; and D;
denote respectively the numerator and the denominator of W; for 0 < i < 3.
Then,

Q No = Ns and Do + Ds = 3Ny. In particular g—g ® g—g =

wWIN - wIN

@ Ny =N, and Dy + Dy = 3N;. In particular % ® gg =
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Construction of SB /3 tree from SB tree

Distribution of minimal fractions at a given level

@ The distribution of minimal fractions at a given level is symmetric.

Lemma

Let W; =[0,1,wj, ba, ..., bn] for 0 < i <3 be continued fractions. Let N; and D;
denote respectively the numerator and the denominator of W; for 0 < i < 3.

Then,

Q@ No = N3 and Do + D3 = 3Ny. In particular g—g S3) g—g =
@ Ny = N, and Dy + Dy = 3Ny. In particular % @ gf =

WIN - wIN

. 7_2_ 8 8
oex ;85=3=139Dq3
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Construction of SB /3 tree from SB tree

Distribution of minimal fractions at a given level

@ The distribution of minimal fractions at a given level is symmetric.

Lemma

Let W; =[0,1,wj, b, ..., by] for 0 < i < 3 be continued fractions. Let N; and D;
denote respectively the numerator and the denominator of W; for 0 < i < 3.
Then,

Q No = Ns and Do + Ds = 3Ny. In particular g—g ® g—g =

wWIN - wIN

@ Ny =N, and Dy + Dy = 3N;. In particular % ® gg =

Theorem (Tarsissi,S,N, 2025+)

If 7 is a minimal fraction at level k then there exists a minimal fraction ; at level

k with § & & = % Furthermore, 2 and ; are equidistant from the extremities of
SBs]k].
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Construction of SB /3 tree from SB tree

Continuous fractions of boundary paths

Definition (Boundary paths)

The minimal boundary path P* (resp. P<¢, P, Pr) is defined as the sequence of
fractions (f,f)k21 (resp. (fkce)kzr (FE i1 (F)is1)-
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Construction of SB /3 tree from SB tree

Continuous fractions of boundary paths

Definition (Boundary paths)

The minimal boundary path P* (resp. P<¢, P, Pr) is defined as the sequence of
fractions (f,f)k21 (resp. (fkce)kzr (FE i1 (F)is1)-

Proposition

Let P(2) be a concatenation of elements of Q and let § = [0,1, P(2),2] € SB/3
be a minimal fraction appearing at level k on some boundary path P. Then the
fraction with continued fraction [0,1, P(2),wo, 2] is minimal and appears on P at
level k 4 1.

v
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Construction of SB /3 tree from SB tree

Irrational limits

Theorem (Tarsissi,S,N, 2025+)

For all k > 2, the continued fraction representations of

fE s [0,1,wo,wi 2, 2]
f,ff is 0,1, wl,wgfz, 2]
e s [0,1,wa,wg 2, 2]
i, is [0,1, w3,w6‘72, 2]

Furthermore,
4 1
Pt = 7
'PCZ — 16 53\/5
chr — 17;6\6
Pr — 3+6\/§
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Conclusion+-Perspectives

Conclusion:

@ Thorough examination of the quotient tree SB/3, we revealed significant
insights into its structure, minimal fraction distribution, and balance.

@ Analyze distinct branches converging to known irrational limits.
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Conclusion+-Perspectives

Conclusion:

@ Thorough examination of the quotient tree SB/3, we revealed significant
insights into its structure, minimal fraction distribution, and balance.

@ Analyze distinct branches converging to known irrational limits.
Perspectives:
@ Determine the irrational limits of the other minimal paths
@ From a geometrical perspective, we have defined a new family of Christoffel
words that deserves to be investigated.

@ If we fix a certain value n in SB, where n = a + b for a certain fraction %,
can we find some other characteristics using 6°.
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Conclusion+-Perspectives

Conclusion:

@ Thorough examination of the quotient tree SB/3, we revealed significant
insights into its structure, minimal fraction distribution, and balance.

@ Analyze distinct branches converging to known irrational limits.
Perspectives:
@ Determine the irrational limits of the other minimal paths
@ From a geometrical perspective, we have defined a new family of Christoffel
words that deserves to be investigated.

@ If we fix a certain value n in SB, where n = a + b for a certain fraction %,
can we find some other characteristics using 6°.

Thank you
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