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Fractal meets Algebraic Topology

We extract the essence of the celebrated Hata theorem and
use simplicial complexes to study the shape of fractals.
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Definition of non-autonomous IFS

We define a non-autonomous IFS as follows.
- Let X be a compact metric space.
- Let o) = {fi(j) : X — X}ier6) be a collection of
maps with #1) < oo for every j > 1.
- Assume that Je¢ < 1 such that Lip( fi(j )) < c for each
j > 1 and for each i € IU).
For (®(1))32,, define the limit set by

J::ﬁ U

I=1 (i i,eig) €[ To_, 1O

fi(ll) o fi(j) 0---0 fz(j) (X)

Self-similarity

For every k > 1, consider (<I>(j*1+k))]°-';1 and denote its
limit set by Ji. Then we have J = Ji, and

Ji = U fV oo (V).

(i1seeesi—1 ) ET A= IO

Nerves of non-autonomous IFS

For every k > 1, define the simplicial complex N j as the
nerve of the covering:
e Regard each v = (i,...,ix_1) € ng;ll 10 as a ver-
tex of NVi j, and define f, = fi(l) 0---0 i(:jll).
o A set {vo,v1,...,vq} is a g-simplex of N;y, if and

only if (Yo fuy (Jk) # 0.
Define a simplicial map ¢ : Nl,kH — ./\/’171C so that
(i1, .oy ip—1,0k) = (i1, .., 0p—1)-
It induces a hom. (¢p)«: Hi(Nigy1) = Hio(Ny ) on the
homology groups. We call the inverse limit lim, Hy(M k)
the gth Cech—Sumi homology group.

Theorem 1. We have H,(J) = hénH*(J\/'lk) be-
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tween the Cech and the Cech-Sumi homology group.
More precisely regarding connectedness, TFAE.

e The limit set J is connected.

e The limit set J is path-connected.

e For every k > 1, the nerve NV j is connected.
Moreover, the limit set J is totally disconnected if
k—1

lim ¢

- (max # of vertices in a comp. of N1 ) = 0.
k—o0 ’

For simple examples, we can calculate the nerves.
Example: fractal square

Let ny,n2 € N>o and set I = Hizl{o, 1,...,ng —1}. For

each i = (i1,1i2) € I, define a contractive map by

1 +11 T+ 19
n

n2

fi:[0,1)% 3 (w1, m2) = ( ) € 0,1 = X.
Fix r, and choose each I9) so that #(I \ IY)) = r uni-
formly at random. Then ®U) = { fitier forms a non-
autonomous IFS. The limit sets J are depicted below.
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Theorem 2. For a.e. non-auto. fractal square J, we
have Hy(J) = 0 for every ¢ > 2. Moreover:

(i) If r = 1, then J is connected and locally conn.
(a) If ny = ng = 2, then [ (.J) = 0.
(b) If (n1,m2) # (2,2), then

1
lim — log(rankH; (N7 k) = log(ning — r).

(ii) If 2 < 7 < min{ny,na}, then rank Hy(J) = oo,
rank A (J) = oo, and
1
klim . log(rank H; (N7 i) — rankHo (N7 1))
—00

=log(ning — ).

(iii) If n1 < 7 < ng (resp. ny < r < ny), then
every connected component of J is horizontal
(resp. vertical) line segment. One of them is
a line of length 1 and others may degenerate
to a singleton.

(iv) If r > max{nj,no}, then J is totally discon-
nected.




