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(YYYY
(YYYY

d states form a congress
® Each year a president for the congress is selected
® Goal: assign the president fairly

® At any time, for each state, the accumulated number of

presidents from that state is proportional to its weight



Modelling with symbolic dynamics

Let A={0,1, ..., d-1} be an alphabet and endow AN with
the product topology.



Modelling with symbolic dynamics

Let A={0,1, ..., d-1} be an alphabet and endow AN with
the product topology.

Take a sequence/word u = (un)nen € AN to represent from where
is the president on the year n.



Modelling with symbolic dynamics

Let A={0,1, ..., d-1} be an alphabet and endow AN with
the product topology.

Take a sequence/word u = (un)nen € AN to represent from where
is the president on the year n.

A frequency vector @ € R is such that

Z ay; = 1 and, for every a € A, a, > 0.
acA



Measuring fairness

The discrepancy of a word u given a frequency vector & is:

Az(u) := maxsup |A?(uour - - - Up—1)|,
acA peN

where, for every letter a,

A(upur - up—1) = #{0<i < n:u =a} — na,.



An example

States | Weights
cemos | FHEEEEEREEE
Blue | 0.3

01 0 2 0 1 0 0 1 0 2

Red 0.2

A*(0)] = 0.5
max|A*(0)]
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An example

States | Weights
Green | 0.5 -'-* *;.I..‘.'.*.'_*
Blue | 0.3 | ] ] ni ]

1 0 2 0 1 01 0 2

|
Red | 0.2 0 0

A°(010) =2-3-05=0.5
A'(010)=1-3-0.3=0.1
A%(010) =0—-3-0.2=—0.6

AN =0.
ne s, max |A%(uo,n))| = 0.6



An example

States | Weights
cefos | FHEEEEEEEEE
Blue 0.3

01 0 2 0 1 0 0 1 0 2

Red 0.2

Agz(u) := maxae 4 sup,ey |Aa(n)] > 0.6



Quick pause: Symbolic dynamics notation

The abelianization or Parikh vector of a finite word w is
T(W) = (’Wh? ’W‘27 R ’W‘d)7

where |w|; denotes the number of times the letter i occurs in w.

A factor of an infinite word u is a finite word denoted by wj; ;),
i < j, with
Urij)y = Uildiy1 - - - Uj—1.

The frequency of a letter a in an infinite word u (if the limit exists)
is:

. #{0<i<n:u=a}
az; = lim .
n—o0 n



Literature



Given a word u, what is the asymptotic behaviour of its
discrepancy? Is it bounded?



Given a word u, what is the asymptotic behaviour of its
discrepancy? Is it bounded?

Theorem. (B. Adamczewski'03,'04) The discrepancy is bounded in
a substitution word of Pisot type (algebraic condition).



What can we say about low discrepancy?



What can we say about low discrepancy?

Define

Dy = sup inf Agz(u),
d gpuleAN (v)

where u is a word over d letters.



What can we say about low discrepancy?

Define

Dy = sup inf Ag(u),
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where u is a word over d letters.
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Historical Development

Can we bound Dy = supg infc sn Ag(u)?

® Niederreiter'72: Dy <d —1

1

® Tijdeman'73: Dy <1 — 2d >

1
2d -2

® Meijer'73: Dg=1—

® Schneider'96: [@ coordinates are Q—linearly independent]

1
Agz(u)>1— =
Ol(u)— d
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What are the shift dynamical systems (X, S) that contain an
infinite word v € X, that attains low discrepancy?

— Xu = Ugen S¥(uv) c AY

— dve Xy,

1
Ag(v) <1 — —— =Dy = inf Az
Oc(v) — 2d _ 2 d Sl;zp uIEnAN Oé(u)



Results: Tribonacci Shift
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Tribonacci word

Tribonacci word u is limp_s 40 "(0):

0—01
c:41—02
2—0

0 — 01— 0102 — 0102010 — - --
u = 0102010010201 ---

Is it true for the Tribonacci shift, i.e, is there v € X, where
Da(v) < 37



Tribonacci Shift

Theorem (in preparation)

There exists a word w that belongs to the Tribonacci shift that
achieves low discrepancy, that is, Az(w) < 2.

The word w can be explicitly described as:

w= lim 010(1)0?(2)---o**(1)o* T (1)0*+2(2).

k——+o0
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Discrepancy and balancedness: a friendship

The balancedness constant B, of a word u is defined as:

inf{B > 0| Vv, w factors of u, |v| = |w|,Va € A, ||v],—|w|s| < B}

Fact (modified B. Adamczweski'03)

For a minimal shift (X, S),

sup A&(V) < BL, <4 inf A&(V)
vEX, veXy
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Discrepancy and balancedness: a friendship

Corollary (G. Richomme, K. Saari, L. Zamboni'10)

The Tribonacci word is 2-balanced.

B, < 4infyex, Ag(v) <4-3 and [101]; — [020]; = 2. O
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Viewing discrepancy geometrically

Fibonacci word u = 01001010010010100- - -, golden ratio ¢
y

01001010
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Viewing discrepancy geometrically

-

Each point is represented by the abelianization /(upg n))

Project along @ in 1+: 7r&(7(u[07,,))) = 7(u[07,,)) — na

y

N .

z
-
-
—

7(I(up3)))

(Discrepancy) Ag(u) = supner [ ma({upo,m)) I
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Geometry of the discrepancy of the Tribonacci word u:
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Tribonacci case: Rauzy Fractal

Geometry of the discrepancy of the Tribonacci word u:

u=0102---



Tribonacci case: Rauzy Fractal

Geometry of the discrepancy of the Tribonacci word u:
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Geometry of the discrepancy of the Tribonacci word u:
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Tribonacci case: Rauzy Fractal

Geometry of the discrepancy of the Tribonacci word u:




Tools

What happens with the discrepancy when we shift u?
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Tools

What happens with the discrepancy when we shift u?
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Proposition

Proposition

Let u be an infinite word. Consider the dynamical system (X, S)
generated by u. Let a be a frequency vector. Then, for every

k e N,

As(S*(u) = Sgg\\\ﬂa(T(U[o,n+k)))lloo — lIma (o 1)) ool



® Understanding the discrepancy with the Rauzy fractal

® Encode the symmetrical point of the Rauzy Tribonacci fractal
® Prefix-suffix automaton

® (1989) Dumont-Thomas decomposition

® (2001) Canterini-Siegel decomposition




Results: Fibonacci Shift



Fibonacci case: rotation
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Fibonacci case: rotation
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Fibonacci case: rotation

R(x) R2(x) Ry lp—1,2—¢) = [p—1,2—¢)

X —=+Xx+¢ modl
001
Orbit of x under R, coded by the word w € {0,1}Z

wi=a < RL(x) €,



Fibonacci case: rotation

R(X) 2(X) R@[SD_172_SO)—>[30_1’2_90)
X—=x+¢ modl

0010

Orbit of x under R, coded by the word w € {0, 1}2

W =a < Ri,(x) €l



Fibonacci case

Complete understanding of discrepancy of every word in the shift:

Theorem (in preparation)

Let w be an infinite word in the Fibonacci shift encoded by the of

orbit of x under the rotation R,. Its discrepancy satisfies:

Az(w) = max(J¢p — 1 — x|, | — x]).



Fibonacci case

Corollary

There exists an infinite word w in the Fibonacci shift that atains
minimum discrepancy, that is, Ag(w) = % The word w can be
described as:

w= lim 0ic ( 0)o 5(0) 3k+2( 0).

k—~+o00



Conclusion
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® Values of low discrepancy for m-bonacci shifts

® For which other classes of substitutions can we find words in

the shift which achieve low discrepancy, that is:

1

(V)<1— —
JveX, Az(v)<l1 YT

where d is the number of letters?

® Do subshifts that achieve low discrepancy have other common

(and nice) spectral properties, as pure discrete spectrum?



Research direction

® Values of low discrepancy for m-bonacci shifts

® For which other classes of substitutions can we find words in

the shift which achieve low discrepancy, that is:

1

(V)<1— —
JveX, Az(v)<l1 YT

where d is the number of letters?

® Do subshifts that achieve low discrepancy have other common

(and nice) spectral properties, as pure discrete spectrum?

Thank you!
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